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Abstract-This paper treats the same problem as considered by Kanet [Nao. Rex Logist. Q. 28, 643-651 
(1981)] about sequencing n jobs on a single machine with penalties occurring when a job is completed 
early or late. The objective is to minimize the total penalty. The penalty function has the same form as 
assumed by Kanet, but the restrictive assumption on the due-dates is relaxed. The result is that the quoted 
common due-date is reduced, while the efficient algorithm proposed by Kanet can still be used to help 
determine the optimal job sequence. 
INTRODUCTION 
Kanet [l] considers the problem of sequencing n jobs on a single machine. Let N be the set of 
jobs which are available for processing immediately. Each job has a deterministic and known 
processing time pi. It is assumed that all jobs have a common due-date d 3 MS, where MS is the 
makespan of the job-set N, i.e. 
d 2 MS = i$l pia (1) 
The objective is to find an optimal sequence S* which minimizes 
_ftdYS) = f, lci - dl/n, (2) 
i=l 
where Ci denotes the completion time of job i. 
Kanet presents an [o(n*)] algorithm to determine the optimal sequence subject to the restrictive 
assumption on the due-dates, as expressed in equation (1). However, we show that this due-date 
restriction can be somewhat relaxed without affecting the validity of the algorithm. As a result, the 
same optimal job sequence generated by the algorithm will be obtained, but the job due-dates will 
be reduced. 
Jones [2] points out that the total due-date cost consists of two cost components: cost of quoting 
long due-dates and cost of missed due-dates. Thus the shorter the quoted due-date the better, as 
it will result in less total due-date cost. Consequently, it is desirable to relax the due-date restriction 
with the object of achieving lower total due-date cost. Kanet Cl] also mentioned that future research 
should be directed toward problems in which d is not restricted. 
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RELAXATION OF THE DUE-DATE RESTRICTION 
We now present a theorem the result of which enables us to relax the due-date restriction. 
Theorem 1. For a given job sequence S of n jobs, the optimal common due-date 
coincides with the completion time of the job in position I of S (i.e. d* = C,,,), where 
[i] denotes the job in position i of S and r is defined as 
(n + 1)/2 if n is odd 
n/2 or n/2 + 1 if n is even. (3) 
Proof 
The proof of Theorem 1 consists of two parts. We shall first show that the optimal due-date 
coincides with one of the job completion times in S. We then derive the conditions to determine 
the optimal due-date as expressed in equation (3). 
Let d be any arbitrarily chosen common due-date which does not coincide with any of the job 
completion times (i.e. Cu- 11 < d < C,, j = 1, 2,. . . , n). Then d, expressed in the form of a Gantt 
chart, will be as follows: 
If we shift d to the r.h.s. so that it is equal to C,, then the following change in penalty will arise: 
APR = [(j - 1)y - (n - j + l)y]/n 
= (2j - n - 2)y/n. (4) 
Similarly, if we shift d to the 1.h.s. so that it equals C,_ i1, then the following change in penalty 
will occur: 
AP, = [(n -j + 1)x - (j - l)x]/n 
= (n - 2j + 2)x/n. (9 
Since x, y and n > 0, it follows that 
and 
APR ~0 if j < n/2 + 1 
AP,<O if j>nn/2+ 1. 
Thus for any given d we can always shift it to the 1.h.s. or r.h.s. depending on its value so that 
a reduced or equally good penalty value can be achieved. Consequently, the optimal due-date must 
be equal to one of the job completion times. 
Now suppose d* is the optimal due-date, then d* = C,,,, 3[r] EN. Since d is optimal, the following 
conditions must be satisfied: 
fV*,S) -f(d+,S) < 0 (6) 
and 
Ad*, S) - f(d -7 S) s 0, (7) 
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where d+ = CII+ll and d- = Clr-ll. 
Clearly, 
r-l 
nf(d*, S) = C (C,r, - C,iJ + i (C,il - C,rJ 
i=l i=r+1 
and 
nf(d+, S) = i (CIr+l] - C,iJ + k (C,il - C,r+ 11). 
i=l i=r+Z 
Substituting equations (8) and (9) into condition (6), we obtain 
or 
r 2 n/2. 
Also, 
r-2 
nf(d-,S) = 1 (C,~-I, - C,iJ + t (CL, - C[r-l& 
i=l i=r 
Substituting equations (8) and (11) into condition (7), we get 
or 
r<n/2+ 1. 
Since r must be an integer, it is clear from expressions (10) and (12) that 
r = (n + I)/2 if n is odd 
n/2 or n/2 + 1 if n is even 
(8) 
(9) 
(10) 
(11) 
(12) 
and the whole proof is complete. 
AN EXAMPLE PROBLEM 
To illustrate how Theorem 1 can be applied to relax the due-date restriction, consider the 
example used by Kanet Cl]; there are five jobs (i.e. n = 5) with the processing times given in 
Table 1. 
Table I 
Job i 1 2 3 4 5 
P, 7 12 5 4 10 
Applying the procedure SCHED, as proposed by Kanet [l], we obtain the optimal job sequence 
S* = (2,1.4,3,5). By Theorem 1, the optimal common due-date d* must be set equal to the 
completion time of the third job in S*, as there are five jobs in the job-set. It follows that 
d* = 12 + 7 + 4 = 23, which is 41% less than the originally assumed due-date d = cpi = 39, thus 
a significant saving in total due-date cost is achieved. 
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